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Abstract 

The generalized Chen's conjecture on biharmonic submanifolds asserts that 
any biharmonic submanifold of a non-positively curved manifold is minimal 
(see e.g., [CMOlj . [MO] . [EMOlj . |BM()2j . [BM()3| . [BaTj . [Ba2] . [QiiT] . 
|Ou2) . |IIU| ). In this paper, we prove that this conjecture is false by construct- 
ing foliations of proper biharmonic hyperplanes in a 5-dimensional conformally 
flat space with negative sectional curvature. Many examples of proper bihar- 
monic submanifolds of non-positively curved spaces are also given. 

1. Biharmonic submanifolds and the generalized Chen's 

conjecture 

We work on the category of smooth objects so all manifolds, maps, and tensor 
fields discussed in this paper are smooth unless there is an otherwise statement. 

A biharmonic map is a map if : (M, g) — > (N, h) between Riemannian 
manifolds which is a local solution of the 4th order PDEs 

(1) r%) := Trace^VV* - V£ m )t(^) - Trace^ (d^>, r( V ))dp = 0, 

where R N denotes the curvature operator of (N, h) defined by 

R N (X,Y)Z = [V N X ^]Z -Vf x>Y] Z, 

and r(<p) = Trace 9 Vd<y? is the tension field of ip and r(ip) = means the map <p 
is harmonic. 
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Clearly, it follows from ([T]) that any harmonic map is biharmonic and we call 
those non-harmonic biharmonic maps proper biharmonic maps. 

A submanifold M of (N, h) is called a biharmonic submanifold if the inclu- 
sion map i : (M, i*h) — > (N,h) is a biharmonic isometric immersion. It is well 
known that an isometric immersion is minimal if and only if it is harmonic. So 
a minimal submanifold is trivially biharmonic and we call a non-minimal bihar- 
monic submanifold a proper biharmonic submanifold. 

Among the fundamental problems in the study of biharmonic maps are the 
following: (1) existence problem: given two model spaces (e.g., some "good" 
spaces such as spaces of constant sectional curvature or more general symmet- 
ric or homogeneous spaces), does there exist a proper biharmonic map from one 
space into another? (2) classification problem: classify all proper biharmonic 
maps between two model spaces where the existence is known. A typical and 
challenging classification problem is the following 

Chen's conjecture |CH] : any biharmonic submanifold in a Euclidean space 
is minimal. 

The conjecture was proved to be true for biharmonic surfaces in IR 3 (by Jiang 
[Ji2] and Chen-Ishikawa |CI] independently) and for biharmonic hypersurfaces 
in K 4 ( |HVj ). Dimitric [Di] showed that the conjecture is also true for any bi- 
harmonic curve, any biharmonic submanifold of finite type, any pseudo- umbilical 
biharmonic submanifold M m C M n with m^4, and any biharmonic hypersurface 
in MJ 1 with at most two distinct principal curvatures. However, the conjecture is 
still open in general. 

In the same direction of classifying proper biharmonic submanifolds of non- 
positively curved manifolds, Caddeo, Montaldo and Oniciuc |CMQ2] proved that 
any biharmonic submanifold in hyperbolic 3-space H 3 (— 1) is minimal, and any 
pseudo-umbilical biharmonic submanifold M m C H n with m ^ 4 is minimal. It is 
also shown in |BMQ1] that any biharmonic hypersurface of H n with at most two 
distinct principal curvatures is minimal. All these results suggest the following 
generalized Chen's conjecture on biharmonic submanifolds which was proposed 
by Caddeo, Montaldo and Oniciuc [CMOlJ: 
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The generalized Chen's conjecture: any biharmonic submanifold of (N, h) 
with Riern^ < is minimal (see e.g., jCMUl] . [MO] , jBMUl] , |BMU2] , |BMU3] . 
[BaT] . [Ba2] . jOuT] . [Ou2] . [TTTJ] V 

The gaol of this paper is to prove that the generalized Chen's conjecture for 
biharmonic submanifolds is false. We accomplished this by using the idea of 
constructing foliations of proper biharmonic hyperplanes in a conformally flat 
space given in [Qui] . The idea is to determine a conformally flat metric on R m+1 
so that a foliation by the hyperplanes defined by the graphs of linear functions 
becomes a proper biharmonic foliation. It turns out that when m = 4 the system 
of biharmonic equations reduces to a single equation which has infinitely many 
solutions including counter examples to the generalized Chen's conjecture. 

2. Foliations of conformally flat spaces by biharmonic 

hyperplanes 

As conformally flat spaces are going to play a central role in this paper we 
summarize, in this section, some basic definitions and the relations between vari- 
ous curvatures of two Riemannian manifolds which are conformally related. Two 
Riemannian metrics g and g on M are conformally equivalent, if g = e 2a g for some 
function a on M. A map tp : (M, g) — > (N, h) between Riemannian manifolds is 
conformal if (p*h = e 2cr g for some function a on M. Say two Riemannian mani- 
folds (M, g) and (N, h) are conformally diffeomorphic, if there exists a conformal 
diffeomorphism from one space into another. A Riemannian manifold (M m ,g) is 
a conformally flat space if for any point of M there exists a neighborhood which is 
conformally diffeomorphic to the Euclidean space M m . It is well known that any 
two-dimensional Riemannian manifold is conformally flat due to the existence of 
isothermal coordinates. For m = 3, (M m ,g) is conformally flat if and only if the 
Schouten tensor H satisfies (V xH)(Y, Z) = (VyH)(X, Z) for any vector fields 
X, Y and Z on M. For m > 4, (M m , g) is conformally flat if and only if the Weyl 
curvature vanishes identically. It is easy to see that a space of constant sectional 
curvature is conformally flat but there exist many conformally flat spaces which 
are not of constant sectional curvature. 

Let V, R, Ric, K (respectively V, R, Ric, K) denote the Levi-Civita con- 
nection, Riemannian curvature, Ricci curvature, and sectional curvature of the 
Riemannian metric g (respectively g = e 2u g). Then, it is not difficult to check 
(see also |Haj and |Waj ) the following relations between the connections and the 
curvatures of the two Riemannain metrics that are conformally equivalent: 
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(2) V x Y = V X Y + (Xa)Y + (Ya)X - g(X, Y) grad 9 a, V 1,7 6 TM, 



R{W,Z,X,Y) = e 2 °{R(W,Z,X,Y)+g(V x Va,Z)g(Y,W) 

(3) -9(VyVff, Z)g(X, W) + g(X, Z)g{V Y Va, W) 

-g(Y, Z)g(V x Va, W) + [(Ya)(Za) - g(Y, Z)\Va\ 2 }g(X, W) 
-[(Xa)(Za) - g(X, Z)\Va\ 2 }g(Y, W) 
+[(Xa)g(Y, Z) - (Ya)g(X, Z)}g(Va, W)} 

for any W, Z,X,Y G TM. 

With respect to local coordinates {xi} and the natural frame = <9;}, Equa- 
tion ([3]) is equivalent to 

e 2a Rijki = Rijki + gu&jk ~ QikCji + gjkCu — gjio~ik 

(4) +(9u9jk ~ gikgji)\^(r\ 2 , 

where we have used the notation aji = VjCj — oiOj = V^VjCr — o\Oy 
By contracting (j3J) we have 

(5) R jk = R jk - (n - 2)a jk - g jk [Aa + (n - 2)|Vct| 2 ], 

where A and V denote the Laplacian and the gradient operator defined by the 
metric g. 

Let P be a section spanned by an orthonormal basis X, Y with respect to g 
(hence X = e~ a X, Y = e~ a Y form an orthonormal basis with respect to g) . 
Then, we have the relationship between the sectional curvatures with respect to 
metrics g and g given by 

(6) e 2a K(P) = K{P) - (g(V x Va, X) + g(V Y Va, Y)) 

~(\Va\ 2 -(Xa) 2 -(Ya) 2 ). 

We also need the following theorem which will be used to prove our main 
theorem about biharmonic hypersurfaces in a conformally flat space. 

Theorem 2.1. |Oul] Let if : M m — > N m+l be an isometric immersion of 
codimension-one with mean curvature vector 77 = H£. Then if is biharmonic if 
and only if: 

.A 9 H - H\A\ 2 + HRic N (£, = 0, 
' 2 A (grad„ H) + f grad 9 H 2 — 2 H (Ric N (£)) T = 0, 
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where A g and grad s are the Laplacian and the gradient operators of the hyper- 
surface, and Kic N : T q N — > T q N denotes the Ricci operator of the ambient 
space defined by (Ric^ (Z), W) = Ric 7V (Z, W) and A is the shape operator of the 
hypersurface with respect to the unit normal vector £. 

Now we are ready to prove one of the main theorems of this paper. 

Theorem 2.2. For positive integer m > 2, let di, i = 1, 2, . . . , m and c be con- 
stants. Then, the isometric immersion if : W 71 — > (M. m+l , h = f^ 2 {z)(Y^ l =1 dx 2 + 
dz 2 ), ip(xi, . . . , x m ) = (xi, . . . , x m , YliLi a i x i + c ) into ^e conformally flat space 
is biharmonic if and only if one of the following three cases happens 

(i) /' = ; in this case if is minimal (actually, totally geodesic), or 

(ii) m = 4 and f is a solution of the equation 

(8) E a 'f 2 f" + ( 4 - E tiwr - 4 ( 2 + E °?) (/') 3 = °> 
i=i i=i i=i 

or 

(iii) dj = for i — 1, • • - , m and f(z) = A ^ +B , where A and B are constants. 
In this case each hyperplane is a proper biharmonic hypersurface. This 
recovers a result (Theorem 3.1) obtained earlier in |Oulj . 

Proof. Using the notations di = -£r,i = 1, 2, . . . , m, d m+ \ = J^, we can easily 
check that {e Q = f(z)d a , a = 1, 2, . . . , m + 1} constitute an orthonormal frame 
on the conformally flat space (IR m+1 , h). One can also check that 



(9) 



f(di) = j(ei + aie m+1 ), i = 1,2, . . . ,m; 

V = j(E7=i a ^i ~ E rn+l) 

constitute a natural frame adapted to the hypersurface with rj being a normal 
vector. 

Applying Gram-Schmidt orthonormalization process to the natural frame 

e, + aje m+ i, i = 1,2, . . . , m; 

Em — - 

j = l ^j^j 

or by a straightforward checking one can verify the following 



(10) 



Claim I. Let ki = , 1 . =, i = 1, ■ ■ ■ , m, kn — 1, ao = 0. Then, the 

Vi+ELi a i 

vector fields 



;n)' 



e i — — &ikiki_i diGi + fc~ e i + a ikiki_ie m+ i, i — 1,2, . . . ,m; 
Gm+i = Z^2i=i ®ikm&i k m e m +i, 
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form an orthonormal frame adapted to the hypersurface z = X^=i a i x i + c with 
£ = e m+ i being the unit normal vector field. 

Let h = Y1T=\ dxi 2 +dz 2 denote the Euclidean metric on Then, h = e~ 2a h 

with a = ln/(z). It follows that 

(12) grad^a = e m+1 (a)e m+1 = f'e m+1 . 

Using the fact that Vg a dp = 0, V a, j3 = 1, 2, . . . , m + 1, and the relation 

VxY = V X Y + {Xa)Y + (Ya)X - h(X, Y)grzd h a, 

we can compute the Levi-Civita connection V of the conformally flat metric h 
with respect to the orthonormal frame {e^} to get 



(13) (V e - a e» 



/ 6m- 


_1 





-fei \ 







f'&m+l ■ ■ 





-fe 2 










• / e m+ i 















o y 


(m+l)x (m+1) 


using 


; dH yields 









1 



i-1 



i-1 



(14) 



a, _ 
a;e z - t^— e. 



i=i 



i=i 



V ej e m+ i V (-a 1 fc 1 fc I _ 1 Ei= 1 1 



e ! + rrV e i + a i fc i 1 e m +l ) 



v ^ ] a ik m ei k m e 



m+l, 



(15) 



and 



k m f \o>ikiki_ie m +\ + - ej — a^kiki^i > ozCz] 

kmf 



1=1 

i-1 



1=1 



V 6m+1 e m+ i = V E - 1 



x ^ ^ a ik m ei — k m e m +i) 



i=i 



(16) 



(1 - k 2 Jf 



i=i 



GENERALIZED CHEN'S CONJECTURE ON BIHARMONIC SUBMANIFOLDS IS FALSE 7 



On the other hand, one can use the relation e, = Cfe a = fCfd a , £ = C° +1 e a = 
fC^ +1 d a and the Ricci curvature (JSJ) to verify the following 

Claim II. For a hypersurface in the conformally flat space (M m+1 , h = e _2cr (^™ 1 dx^ 2 + 
dz 2 )), we have 

(17) Ric(f,0 = A«r + (m-l)[Hess(<7)(e,0-(^) 2 + |grad ft< 7| 2 ] 

(18) (Ric(0) T = (m-l)\&ad g (Z*)-£(a)grad g a + A(grad g (T)], 
where grad fl is the gradient defined by the induced metric on the hypersurface. 

Substituting 

m+l 
a=l 

Hess(o-)(f,f) = e m+ ie m+1 (a) - (V em+1 e m+1 )(a) 

= klff" -{1-kDU'f, 
grad^cr = f'e m+1 , \giad h a\ 2 = (/') 2 , = -k m f '. 

into (fI7|) we obtain 

(19) Ric(e,0 = Aa + (m-l)[Hess(a)(£,0-(^) 2 +|grad h a| 2 ] 

= [l + (m-l)k 2 m }ff -m(f') 2 . 

Noting that £ = e m+ i is the unit normal vector field we can easily compute the 
components of the second fundamental form to get 

^( e i; e i) = (V ei ej, e m _|_i) = — (V ei e m+ i, ej) = —k m f', 
h(ei, ej) = (V ei e j5 e m+ i) = -(V e< e m+ i, &,•) = 0, z 7^ j, 

from which we conclude that each hyperplane z = YliLi a i x i + c is a totally 
umbilical hypersurface in the conformally flat space and all principal normal 
curvature are equal to 

(20) H = £(ct) = -k m f. 
It follows that 

(21) [Ric{i)\ T = (m-l)[grad 9 (^)-^(a)grad 3 a + A(grad 3 a)] 

= (m — l)grad ff H, 
and the norm of the second fundamental form is given by 

m 

(22) W^E^^)^^/') 2 - 
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A further computation gives 

e i( H ) = {-a>ihh-i 22 aiei + ~T~ ei + a ihh-ie m +i)(-kmf') 

1=1 

= —ciikiki_ik m f f , 

m m 

(23) grad g H = ^e^ff)^ = - q^fcj-ife m / f"e h 

1=1 i=l 

(24) eiei(H) = -ei(aikiki-ik m f f") 

= -a^kUUfr + ff'f"), 

i-1 

(25) (V e ^)(tf) = -^^/'(a^a^-^e,)^) 

i=i ^-i 



<3j fcj k^kmff f 



and 



(26) A M H = J2i e M H ) ~ (^ e i)( H )} ( and by Gauss formula) 
i=i 

= 5> iei (#) - (V eiei )(i?) + fcfoeOf (#)] 



i=i 



= - £ a^_iU(2 - m)//T + / 2 /"1 

i=l 

= _(l-^)fc m [(2-m)//7 ,/ + / 2 n, 
where in obtaining the last equality we have used the identity 



(27) I>?*?*k = (1 " 

«=i 

which can be proved by mathematical induction on m > 2. 

Substituting (02), (J2QJ, (EE}, ([22]), (E3J), flU), and A(grad 9 #) = H grad g H 
into biharmonic equation (j7J) we conclude that the isometric immersion ip is bi- 
harmonic if and only if 



(2f 



-(1 - kDPf" - [3 - m + (2m - 3)h%\fff + m(l + ^)(f) 3 = 0, 
(m-4)//'/"a s = 0, z = l,2,...,m. 
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The second equation of (128"]) . and hence the system (1251) itself, can be solved by 
considering the following three cases. 

Case 1. /' = (which implies H = —k m f = 0) gives the trivial solution. In 
this case, ip is actually totally geodesic since its image is a hyperplane in a space 
that is homothetic to a Euclidean space. 

Case 2. diff" = 0, i = 1, 2, . . . , m (which, together with (125)1 . implies grad ff if = 
0). In this case the first equation of (128)1 . with the aid of A M H = and (125)1 . 
can be reduced to 

(29) [1 + (m - 1)^]//" - m(l + fc£j(/') 2 = 0. 

If //" = 0, then Equation ( 129)1 reduces to / = 0, which gives the trivial solution 
again, i.e., the hypersurfaces are minimal. If //" ^ 0, then all eij = 0,z = 
1, 2, . . . , m, and hence k m = 1. Thus, Equation (129)1 reduces to //" — 2(f) 2 = 
which has solutions f(z) = A ^ +B , where A,B are constants. 
Case 3. m — 4. In this case, the biharmonic equation (|28p reduces to 

- (1 - kl)ff" - (5kl - l)ff'f" + 4(1 + kl){f f = 0, 

from which we obtain Equation ()8j. 

Summarizing the above results we obtain the theorem. □ 
3. The generalized Chen's conjecture on biharmonic submanifolds 

IS FALSE 

In this section, we will show that Equation OH]) has many solutions including 
counter examples to the generalized Chen's conjecture. 

Lemma 3.1. Let A > 0, B > 0, c be constants, IR+ = {(x\, . . . , X4, z) G M 5 : 
z > 0} be the upper-half space, and f : — > R, f{x\, . . . , £4, z) = f(z) = 

(Az + By. Then, for any t G (0, 1/2) and any (01, 02, «3, 04) G S* 3 {^J^^ ^ ; 
isometric immersion 

(30) <^:M 4 ^ (M f ;,/ i = /- 2 (2)[^dx i 2 + dz 2 



i=i 

^4 



(p(xi, . . . , X4) = (xi, . . . ,X4, Yli=i a i x i + c ) ^ S proper biharmonic into the 
conformally flat space. 

Proof. We try to find special solutions of Equation OH]) which have the form f(z) = 
(Az + By. In this case, we have /' = tA(Az + B)* -1 , /" = t(t - l)A 2 (Az + 
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By- 2 , /"' = t(t - l)(t - 2)A 3 (Az + By- 3 . Substituting these into Equation © 
and using the assumption that A, B > we have 

4 4 4 

(t - l)(f - 2) £ a? + (4 - £ a 2 )t(t - 1) - 4t 2 (2 + £ a 2 ) = 0, 

i=l i=l i=l 

which is equivalent to 

(31) W=_fE_. 

v ; ^ 4 1 - 2t 

Solving the inequality > we conclude that for any i 6 (0, 1/2) and 
(ai, a 2 , a 3 , a 4 ) G S" 3 ^y/ iz|t J wm solve the equation (131| and hence the bihar- 
monic equation (JHJ). From this we obtain the lemma. □ 

Example 1. Let A > 0, S > 0, c be constants and let t = | and (^, ^) G 

S 3 j. Then, by Lemma [3.1[ we have a proper biharmonic isometric immer- 
sion (p : R 4 — ► (R 5 + ,h = (Az + B)-^(J2t=i dx i 2 + dz<2 )) with (p{? x , . . . ,x A ) = 
(xi, . . . , x 4 , ^(xi + x 2 + x 3 + x 4 ) + c). 

Lemma 3.2. For constant A > 0, 5 > and £ G (0,1), i/ie conformally flat 
space (R+, ft, = (Az + £>)~ 2< (X]i=i d^i 2 + d-z 2 )) has negative sectional curvature. 

Proof. Let f(z) = (Az + By. Then, as in the proof of Theorem 12.21 we use 
<=j = f(z)di,i = 1,...,5 to denote the orthonormal frame on (R+,/i = (Az + 
B) 2 *(Si=i dxi 2 + dz 2 )). Let P be a plane section at any point and suppose that 
P is spanned by an orthonormal basis X, Y. Then, we have X = Yli=i a *^i, Y = 
Yli=i bi&i- Using sectional curvature relation (E]) and the fact that the sectional 
curvature K(p) of (R^,/t = J2t=i dx i 2 + d-2 2 ) vanishes identically we find the 
sectional curvature of the conformally flat space to be 

K(P) = (h(V x Va,X) + h(V Y Vo-,Y)) + (\Vo-\ 2 -(Xo-) 2 -(Ya) 2 ) 

= X(Xa) + Y(Ya) - (V x X)(a) - (V Y Y)(a) + (|Vof - (Xa) 2 - (Fa) 2 ), 

where a = In f(z). A straightforward computation gives 
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Xo = y^a^(cr) = a 5 f, 

5 5 

X{Xa) = ^ aMaJ') = ^ a i^i( a 5)f + a\f f" 

i=\ i=l 
5 



3 / 
3=1 

5 5 4 4 

j=l j'=l i=l i=l 

5 4 

2 



i=l i=l 
4 

X(Xa)-(VxX)(a) = a\f f" -^U'f ■ 



i=l 

Similarly, we have 

5 4 

Y(Ya) = hf J (V Y Y)(a) = J2he l (b 5 )f + J2bKf') 2 

i=l i=l 

4 

r(ra)-(v y r)(a) = ^/f-^(f) 2 , 

i=i 

from which we have 

K(P) = X(Xa) + Y{Ya)-{\7 x X){a)-(\7 Y Y)(a) + (\\7a\ 2 -(Xa) 2 -{Yo) 
= (al + bi)ff"-(f) 2 . 

For f = (Az + B)\ we have /' = tA(Az + B)*- 1 , f" = t(t - l)A 2 (Az + B) 1 ' 2 , 

so 

K(P) = (al + bl)ff"-(ff 

= A 2 (Az + BY- 2 [(al + b 2 5 )t(t-l)-t 2 ], 

which is strictly negative since [(a 2 + b 2 )t(t — 1) — t 2 ] < for < t < 1, and 
A 2 (Az + B) l ~ 2 > for z > 0. From this we obtain the Lemma. □ 

Combining Lemma 13.11 and Lemma 13.21 we have 
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Theorem 3.3. Let A > 0, B > 0, c be constants, R+ = {(xi, . . . , x 4 , z) G R 5 : 
z > 0} be the upper-half space, and f : R+ — y R, /(z) = (Az + -B)* . Then, for 

any t G (0, 1/2) and any (ai, a 2 , a 3 , a 4 ) G S* 3 J , the isometric immersion 



l 



(32) <^:R 4 ^ [R%,h = f- 2 {z)[^2dxi 2 + dz 2 



i=l 

r4 



u>z£n . . . , x 4 ) = (xi, . . . , £4, £) i=1 a « x j + c ) flwes a proper biharmonic hyper- 

surface into the conformally flat space with strictly negative sectional curvature. 
These provide infinitely many counter examples to the generalized Chen's conjec- 
ture on biharmonic submanifolds . 

The following corollary can be used to construct proper biharmonic submani- 
folds of any codimension in a nonpositively curved manifold. 

Corollary 3.4. For any positive integer k, there exists a proper biharmonic sub- 
manifold of codimension k in a nonpositively curved space. Thus, the generalized 
Chen's conjecture is false. 

Proof. Let 

(33) <^:R 4 — -> (Rl,h = f- 2 (z)[J2dxi 2 + dz 21 

\ i=i 

with (f(xi, . . . , x 4 ) = (xi, . . . , X4, ^2 i=1 diXi + c) be one of the proper biharmonic 
hypersurface given in Theorem I3.3l and ip : R n — > R n xR fc_1 = (R n+fc ~ 1 , h ) with 
i>{y) = {Vi 0) De ^ ne totally geodesic embedding of a subspace into a Euclidean 
space. Then, the isometric embedding : R 4 x R™ — y (R 5 + x R n+fc_1 , h + h ) 
with <f)(x,y) = (ip(x),ip(y)) gives a submanifold of codimension k. Since <fi is 
biharmonic with respect to each variable separately and it is proper biharmonic 
with respect to x-variable by Theorem 13. 3[ we can use Proposition 2.1 in |Ou2] 
to conclude that is a proper biharmonic embedding. Thus, the image of <fi pro- 
vides a proper biharmonic submanifold of codimension k. Since, by Lemma 13.21 
the conformally flat space (R+, h = (Az + B)~ 2t (J2i=i dx 2 + dz 2 )) has negative 
sectional curvature and the Euclidean space (R n+fe_1 , ho) has zero curvature, their 
product (R^ x R n+fe_1 , h + h ) gives a space of nonpositive curvature. Thus, we 
obtain the corollary. □ 
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